Malliavin's celebrated theorem on the failure of spectral synthesis for the Fourier algebra A(G) on nondiscrete abelian groups was strengthened to give failure of weak synthesis by Parthasarathy and Varma. We extend this to nonabelian groups by proving that weak synthesis holds for A(G) if and only if G is discrete. We give the injection theorem and the inverse projection theorem for weak X-spectral synthesis, as well as a condition for the union of two weak X-spectral sets to be weak X-spectral for an A(G)-submodule X of VN (G). Relations between weak X-synthesis in A(G) and A(G × G) and the Varopoulos algebra V (G) are explored. The concept of operator synthesis was introduced by Arveson. We extend several recent investigations on operator synthesis by defining and studying, for a
Introduction
Let G be a locally compact group and let A(G) be the Fourier algebra introduced and studied by Eymard [3] . A classical, but still actively investigated problem, going back to L. Schwartz, R. Godement, P. Malliavin and others, is that of spectral synthesis. Malliavin's celebrated theorem on the failure of spectral synthesis says that, in the abelian case, spectral synthesis holds in A(G) precisely when G is discrete. A weaker form of spectral synthesis introduced by Warner [23] has attracted much attention (see, e.g., [7, 8, 11, 15] ). Malliavin's theorem was extended to weak synthesis by Parthasarathy and Varma [15] who showed that weak synthesis fails in A(G) for every nondiscrete abelian group. In Section 3 of this paper, we prove that the same result holds for nonabelian groups as well (Theorem 3.5): weak synthesis holds in A(G) if and only if G is discrete.
As a generalisation of spectral synthesis, the concept of spectral synthesis with respect to an A(G)-submodule X of the group von Neumann algebra VN(G) (which is the Banach space dual of A(G)) was introduced and studied by Kaniuth and Lau [9] . (This reduces to spectral synthesis when X = VN (G) .) This study has been carried forward by Parthasarathy and Prakash [12, 13] . We introduce the concept of weak X-synthesis in Section 3 and prove the injection theorem, the inverse projection theorem and the result that the union of two weak X-spectral sets is a weak X-spectral set if and only if each one of them is, provided their intersection is a weak X-Ditkin set. Some relations between weak X-synthesis in A(G) and in A(G × G) are given in Section 4.
In [22] , Varopoulos gave his famous proof of Malliavin's theorem using tensor product methods. One of the ingredients of his proof was a result that he obtained connecting spectral synthesis in A(G) for a compact abelian group G and spectral synthesis in the Varopoulos algebra V (G) which is the projective tensor product C(G) ⊗ π C(G). For nonabelian groups, this relation has been studied by Spronk and Turowska [18] and Parthasarathy and Prakash [12] . Section 5 of this paper contains an analogue of this relation in the context of weak X-synthesis.
In another direction, the concept of operator synthesis was introduced by Arveson [1] . He also discovered connections between spectral synthesis and operator synthesis on compact abelian groups. Arveson's study was carried further by Froelich [5] . More recent investigations on operator synthesis, including this study on compact nonabelian groups, can be found in the works of Shulman and Turowska [19, 20] , Spronk and Turowska [18] and Parthasarathy and Prakash [13] . Very recently, Ludwig and Turowska [10] , relying on the work of Spronk [17] on completely bounded multipliers of the Fourier algebra, have succeeded in obtaining the relations between spectral synthesis and operator synthesis on noncompact groups.
The two threads, those of X-synthesis and operator synthesis, are tied up in [13] with the introduction of the concept of M-operator synthesis, where
, and presentation of relations between X-synthesis and Moperator synthesis.
Ditkin sets satisfy an apparently stronger condition compared to sets of spectral synthesis. Shulman and Turowska [19, 20] studied the operator analogue of these, defining operator Ditkin sets. In the final section of this paper, we define M-operator Ditkin sets and prove the operator synthesis analogue of Theorem 3.12: the union of two M-synthetic sets is M-synthetic if and only if each of them is, provided their intersection is an M-Ditkin set (Theorem 6.2). Theorem 6.4 gives a relation between X-Ditkin sets and operator M-Ditkin sets for a suitable M associated to X. We conclude the paper with Theorem 6.11 which relates weak X-synthesis to weak operator M-synthesis.
Analogues of some of the results of this paper on homogeneous spaces can be found in [14] . We begin by introducing some of the required preliminary concepts and definitions in Section 2.
Preliminaries
The group von Neumann algebra VN(G) of a locally compact group G is generated by the (left) regular representation of G. Its predual is the Fourier algebra A(G) consisting of the coefficient functions of the regular representation. It is a commutative, semisimple, regular Banach algebra with Gelfand structure space G. VN(G) has a natural A(G)-module structure given by u.T , v = T , uv for u, v ∈ A(G) and T ∈ VN(G). The support of T ∈ VN(G) is the closed set supp T = {x ∈ G: u(x) = 0 ⇒ u.T = 0}. For all these and more on A(G) and VN(G), the basic reference is Eymard's path-breaking paper [3] .
For a compact group G, the Varopoulos algebra is the Haagerup tensor product
It consists of continuous functions v on G × G which have representations of the form ϕ i ⊗ ψ i and
∞ over all such representations, where
is a commutative, semisimple, regular Banach algebra with Gelfand structure space G×G.
We shall also need the Banach algebra V ∞ (G) that is the weak- * Haagerup tensor product [18] ). For our purposes elements of V ∞ (G) are functions (up to marginally null sets) on G × G of the form w = ∞ 1 ϕ n ⊗ ψ n where ϕ n , ψ n are in L ∞ (G) and the series is weak- * convergent. (A marginally null set is a subset of a set of the form E × G ∪ G × F where E, F have measure zero.) Moreover,
with the series |ϕ n | 2 and |ψ n | 2 converging in the weak- * topology.
, where on the right we have the
is the algebra of multipliers of T (G):
with w V ∞ (G) = m w (see [18] ). Two functions w and w in V ∞ (G) are identified if they differ on a marginally null set. From [18] , we also have the contractive embedding J : [18] . An element ω = ∞ 1 f n ⊗ g n ∈ T (G) may be considered as a function ω(x, y) = Proposition 3.3. Let E be a closed subset of (A). Let X be an A-submodule of A * . Then the following are equivalent.
Proof. Suppose (i) holds and ξ X (E)
A (E). Thus if T ∈ X and supp T ⊆ E, so that T ∈ X ∩ J A (E) ⊥ , we have T , u n = 0 and (ii) holds. Conversely, suppose (ii) holds and let n be as in (ii). If u n / ∈ J X A (E) then there is a T ∈ X ∩ J A (E) ⊥ such that T , u n = 0, a contradiction to (ii). The equivalence of (i) and (iii) is easy (cf. [15] ) because an n-fold product can be expressed as a linear combination of n-th powers. 2 Definition 3.4. We say that weak spectral synthesis holds for A(G) if every closed set E in G is a set of weak spectral synthesis for A(G).
In [15] , it was proved that weak synthesis fails in A(G) for any nondiscrete locally compact abelian group G, strengthening the celebrated result of Malliavin on the failure of spectral synthesis. The next theorem extends this to the nonabelian case. (This result appears in the second author's doctoral thesis submitted to the University of Madras in September 2006.) This has been proved independently by Kaniuth [8, Theorem 4.3] . (We thank Professor Kaniuth for bringing his work to our attention.) He first proves (the harder part of) the theorem for connected Lie groups using a deep theorem of Zelmanov [24] and the result of [15] on the failure of weak synthesis on nondiscrete abelian groups. He then reduces the general case to this case utilising structure theorems and another appeal to Zelmanov's result. Our method is different, using a result of Forrest [4] instead, although we still need the results of Zelmanov [24] and Parthasarathy and Varma [15] . [24] , there is an infinite compact abelian subgroup H in K. Hence weak spectral synthesis holds for A(H ) by assumption and the injection theorem for weak synthesis (see Theorem 3.6 below, for example). But this is a contradiction since weak synthesis fails for nondiscrete abelian groups [15, Theorem 3.1] . Therefore compact open subgroups of G are finite and, since G has a neighbourhood base of compact open subgroups, this implies that it is discrete.
Conversely, suppose that G is discrete and let E be a subset of G.
(For other proofs of this part, see [8, 11, 23] .) 2 Next, we consider the injection theorem which relates synthesis in a subgroup to that in the bigger group. The injection theorem for abelian groups is due to Reiter (see [16] ). The theorem in the context of X-synthesis, when X is an A(G)-submodule of VN(G), can be found in Kaniuth and Lau [9] and Parthasarathy and Prakash [12] . (For an injection theorem in the setting of abstract commutative Banach algebras, see Kaniuth [8] 
where H is a closed subgroup of G and λ G is the left regular representation of G. Let, as usual, VN(H ) be the group von Neumann algebra of H . It is well known (Herz [6] ) that the restriction map r :
continuous linear surjection of A(G) onto A(H ). The adjoint map r * : VN(H ) → VN(G) is an injection whose range is VN H (G). For an A(G)-submodule X of VN(G), we consider
X H = r * −1 (X), an A(H )-submodule of VN(H ). Note that X H = VN(H ) when X = VN(G).
Theorem 3.6 (Injection theorem for weak X-spectral sets). Let X be an A(G)-submodule of VN(G). Let H be a closed subgroup of G and E ⊆ H be closed. Then E is weak X-spectral for A(G) if and only if E is weak X H -spectral for A(H ).
Proof. As in the case of the injection theorem for X-spectral sets, this is an easy consequence of [12, Theorem 3.1] . Suppose E is a weak X-spectral set. If v ∈ I A(H ) (E), then there exists a u ∈ A(G) such that ru = v. Hence by [12, Theorem 3 
.1], u ∈ I A(G) (E). By hypothesis there exists an
n ∈ N such that u n ∈ J X A(G) (E). Again by [12, Theorem 3.1], v n = ru n ∈ J X H
A(H ) (E). Hence E is a weak X H -spectral for A(H ) and ξ X H (E) ξ X (E).
The converse part is proved in the same way. This completes the proof. 2
Corollary 3.7. With notations as in the previous theorem, E is of weak synthesis for A(G) if and only if it is of weak synthesis for A(H ).
Proof. Take X = VN(G) in the theorem.
We now turn to quotients. Let K be a compact subgroup of G. We consider the Fourier algebra on the homogeneous space G/K defined and studied by Forrest [4] . For u ∈ A(G) define
where dk denotes the normalised Haar measure on K. Then Q is a projection and its range
Theorem 3.8 (Inverse projection theorem for weak X-spectral sets). Let E be a closed set in G/K. If π −1 ( E) is a weak X-spectral set for A(G), then E is a weak X K -spectral for A(G/K). In particular, E is a set of weak synthesis for A(G/K) provided π −1 ( E) is a set of weak synthesis for A(G).
Proof. Let ξ X (π −1 ( E)) = n. By Proposition 3.3 it is enough to prove that if u ∈ I A(G/K) ( E), T ∈ X K and supp T ⊆ E then T , u n = 0. Since T ∈ X K , (ψ • Q) * ( T ) ∈ X by definition and supp(ψ • Q) * ( T ) ⊆ π −1 ( E) by [12, Lemma 3.4] and u • π = u ∈ I A(G) (π −1 ( E)). Therefore (ψ • Q) * ( T ), u n = 0. This implies that T , u n = 0. Hence the theorem follows with ξ X K ( E) ξ X (π −1 ( E)). 2 Definition 3.9. Let X be an A(G)-submodule of VN(G). A closed subset E of G is called an X-Ditkin set for A(G) if for every S ∈ X and u ∈ I A (E), there is a sequence (v n ) in j A (E) such that S, u = lim S, v n u .
Proposition 3.10. A closed set E ⊆ G is an X-Ditkin set if and only if given T ∈ X and u
Proof. That the stated condition holds if E is an X-Ditkin set is given in [9, Remark 2.4]. The converse being trivial, the proposition is proved. 2
This leads us to the following definition. 
Hence E 1 is weak X-spectral with ξ X (E 1 ) kl. Similarly E 2 is also a weak X-spectral set. 2
The case X = VN(G) of the theorem gives the following corollary. 
Weak synthesis in A(G) and A(G × G)
From this section onwards, we suppose that G is a compact group. Consider the map We are now ready to prove the following result on the relation between spectral synthesis in A (G) and A(G × G) .
This implies that vR
This implies that E 1 is weak X-spectral for A(G). In the same way, using L x 0 with x 0 ∈ E 1 in place of R y 0 , we get the other part of the theorem. 
is of weak synthesis for A(G).

Proof. This is the case X = VN(G) of Theorem 4.3. 2
In the abelian case, this corollary can be found in [15] and [11] .
It is well known that the operator space tensor product A(G) ⊗ A(G) can be identified with A(G × G) (see Effros and Ruan [2]).
Let x ∈ G. Consider the maps h 1
(Such maps have been considered by Kaniuth [7] for projective tensor products of commutative Banach algebras.) Let Y be an
These are A(G)-submodules of VN(G)
as the following lemma shows.
Lemma 4.5. Let u ∈ A(G) and x ∈ G. Then
(i) h 1 x * (u.S) = (1 ⊗ u)h 1 * x (S) for S ∈ X 1 Y , (ii) h 2 x * (u.S) = (u ⊗ 1)h 2 * x (S) for S ∈ X 2 Y .
Proof. Let v, w ∈ A(G). Then, for u ∈ A(G), x ∈ G and S
Therefore (i) is proved. The proof of (ii) is similar. 2
Theorem 4.6. Let E, F be nonempty closed subsets of G and let Y be an A(G × G)-submodule of VN(G × G). If E × F is a weak Y -spectral set for A(G × G), then E is a weak X 2 Y -spectral set, F is a weak X 1 Y -spectral set and E, F are both weak X Y -spectral sets for A(G).
Proof. Suppose E × F is weak Y -spectral and let n = ξ Y (E × F ). Let S ∈ X 2 Y , supp S ⊆ E, and u ∈ I A(G) (E). Let y ∈ F . Then h 2 y * (S) ∈ Y and we claim that supp h 2 y * (S) ⊆ E × F . For, let v ∈ J A(G×G) (E × F ). Then there exist v j ∈ j A(G×G) (E × F ) such that v j → v in A(G × G). Now h 2 y (j (E × F )) ⊆ j (E); Lemma 1.1 of [7] goes through in this case. So
The proof of the second assertion is similar and the last assertion is a consequence of the first two. 2
Weak synthesis in A(G) and V (G)
Let G be a compact group. We consider the G-action and the induced L 1 (G)-action on V (G): (G) . For more details on these see [18, 12] .
w(x, y) = w(xt, yt), x, y ∈ G and f.w = f (t)t.w dt. P defined, for w ∈ V (G), by
For an A(G)-submodule X of VN(G), define
It is clear that
X V is a V (G)-submodule of V (G) * . Conversely, for a V (G)-submodule Y of V (G) * , define Y A = T ∈ VN(G): (u.T ) • N −1 • P ∈ Y for all u ∈ A(G) .
Y A is an A(G)-submodule of VN(G).
In the case of X-synthesis, the following result is given in [12] . For E ⊆ G we define E * = {(x, y) ∈ G × G: xy −1 ∈ E}.
Theorem 5.1. Let X be an A(G)-submodule of VN(G) and let Y = X V be the associated V (G)-submodule of V (G) * . Then a closed subset E of G is a set of weak X-synthesis for A(G) if and only if E * is a set of weak X V -synthesis for V (G). Moreover, ξ X (E) = ξ X V (E * ).
Proof. The basic ideas of the proof are from [18] and [12] , so we only give a sketch. (E) . Therefore E is a weak X-spectral set for A(G) with ξ X (E) m.
Conversely, suppose E is of weak X-synthesis with ξ X (E) = n. By Proposition 3.3, it is enough to prove that w 1 w 2 . . . w n ∈ J Y V (G) (E * ) whenever w l ∈ I V (G) (E * ), l = 1, . . . , n. Then, with notations as in [18, 12] 
Then we have w lπ
Now choosing an appropriate approximate identity and arguing as in [18] and [12] , we conclude that
The choice X = VN(G) in the theorem yields the following result. For sets of synthesis, it is found in [22] and [18] .
Corollary 5.2. A closed set E ⊆ G is of weak synthesis for A(G) if and only if E * is of weak synthesis for V (G).
Operator synthetic sets and operator Ditkin sets
In this final section, we continue to assume that G is compact and study some aspects of sets of operator synthesis and operator Ditkin sets. More specifically, we look at the union of two sets of operator synthesis, a relation between Ditkin sets and operator Ditkin sets and a relation between weak spectral synthesis and weak operator synthesis. We begin with the required preliminary concepts and results.
Spronk and Turowska [18] proved that the map N :
where t.ω(x, y) = ω(xt, yt) for marginally almost all (x, y) in G × G and that P ω = G t.
ω dt gives a projection of T (G) onto T inv (G). We also have a contraction Q : T (G) → A(G) given by Qω(x) = G ω(xt, t) dt and this map has the property that Q( Nu
introduced in [13] . In the opposite direction with any
We then haveˇ X = X [13] .
For an operator S ∈ B(L 2 (G)), the operator support of S, supp op S, is defined as the set of ordered pairs (x, y) ∈ G × G such that, for arbitrary neighbourhoods U of x and V of y, there are
These sets are closed V ∞ (G)-submodules of T (G).
In [13] we introduced, for M as above, the concept of a set of M-operator synthesis or M-synthetic sets: a closed set F ⊆ G × G is a set of M-operator synthesis if S, ω = 0 for ω ∈ Φ(F ) and S ∈ M with supp op S ⊆ F . It was proved in [13] 
there is a sequence (w n ) in ψ 00 (F ) := {w ∈ V ∞ (G): w = 0 on a neighbourhood of F } such that S, w n .ω → S, ω for every S ∈ M. If the sequence (w n ) is bounded and is independent of ω ∈ Φ(F ) and S ∈ M, then F is called a strong M-Ditkin set. The defining condition for an M-Ditkin set is equivalent to the following: if ω ∈ Φ(F ) there is a w 0 ∈ ψ 00 (F ) such that S, ω = S, w 0 .ω for S ∈ M.
The analogue of the next theorem, but in the context of measure spaces (and no groups and no modules) was proved by Shulman and Turowska [19, Theorem 7.2] . Proof. Suppose first that F 1 and
Conversely, suppose that The next result is inspired by Theorem 5.4 of Ludwig and Turowska [10] who consider the case X = VN(G) with weaker conclusions but for groups which are not necessarily compact.
Theorem 6.4. Let E ⊆ G be closed and let X be an A(G)-submodule of VN(G)
. If E is a strong X-Ditkin set then E * is a strong X-Ditkin set and if E * is a strong X-Ditkin then E is a strong X-Ditkin set.
Proof. Suppose E is a strong X-Ditkin set and fix a bounded, uniform sequence (u n ) in j A (G) (E) such that S, u n u → S, u for u ∈ I A(G) (E) and S ∈ X. Take w n = Nu n . Then, from the proof of Theorem 4.6 of [18] , we get w n ∈ ψ(E * ). Note also, since G is compact, [17, Corollary 5.4] implies that w n ∈ V ∞ (G). We show that S, w n ω → S, ω for ω ∈ Φ(E * ) and S ∈ X. So, let S ∈ X and suppose, first, that ω ∈ Φ(E * ) ∩ T inv (G). Then u := N −1 ω belongs to I A(G) (E) by Lemma 4.1 of [13] . Then S • N ∈ X and so S • N, u n u → S • N, u = S, ω . But S • N, u n u = S, w n ω , proving the claim in the case considered.
Next consider the general case of an arbitrary ω ∈ Φ(E * ). Let u π ij be the matrix coefficients of π ∈ G, and, as in [18, Theorem 4.6] and [13, Theorem 4.6] , consider ω π ij = u π ij .ω and Recalling that (w n ) is bounded, we can fix an ω of the form u α .ω such that the first and the last differences above are small in absolute value. Then, for this ω , the absolute value of the second difference is small for all sufficiently large n. This means that the left-hand side converges to zero as n → ∞. This completes the proof of the first part of the theorem.
To prove the second part, assume that E * is a strong X-Ditkin set and fix a bounded, uniform sequence (w n ) in ψ 00 (E * ) such that S, w n .ω → S, ω for ω ∈ Φ(E * ) and S ∈ X. We have to show that E is a strong X-Ditkin set. Take u n = Q(J w n ). Then u n ∈ j A(G) (E) (see the proof of Lemma 4.1 in [13] ). Let u ∈ I A(G) (E) and S ∈ X. Then S • N −1 • P ∈ X by definition and Nu ∈ Φ(E * ) by [13, Lemma 4.1] . Thus
where Nv n = P (J w n ). But v n = Q Nv n = Q P (J w n ) whereas
Thus v n = u n and we have proved the required result that S, u n u converges to S, u . The proof of the theorem is complete. 2
We now would like to generalise the concept of M-synthetic sets and define weak Msynthetic sets. However, since T (G) may not be closed under products, we cannot directly imitate the definition of weak spectral synthesis. To facilitate the formulation of the definition, we introduce the following set:
Before giving the required definition, we note the following lemma.
Hence the lemma is proved. 2 Proposition 6.6. For a closed set F in G × G the following are equivalent:
Further, (ii) implies the following condition:
Proof. The equivalence of (i) and (ii) is Proposition 4.3 of Spronk and Turowska [18] . Theorem 4.6 of Shulman and Turowska [19] gives that (i) and (iii) are equivalent (see also Lemma 3.2 of Parthasarathy and Prakash [13] ). Next assume (ii). Let S ∈ B(L 2 (G)) with supp op S ⊂ F and let w ∈ ψ 0 (F ). Then
This shows that (ii) implies (iv). 2 
We assume that S ∈ φ 0 (F ) ⊥ and prove w.
Our definition of weak M-operator synthesis coincides with M-synthesis when n = 1, as the next result shows.
Corollary 6.10. F is an M-synthetic set if and only if it is a weak M-synthetic set with
ξ * M (F ) = 1.
Theorem 6.11. Let X be an A(G)-submodule of VN(G). A closed subset E of G is weak Xspectral for A(G) if and only if E * is weak X-synthetic. Further, ξ X (E) = ξ *
X (E * ). In particular, E is of weak spectral synthesis for A(G) if and only if E * is of weak operator synthesis.
Proof. We identify V ∞ inv (G) and T inv (G) as in Lemma 6.7 above. In particular, we also consider Nu to be an element of V ∞ inv (G) for u ∈ A(G). Suppose first that E * is weak X-synthetic with ξ * X (E * ) = n. Let u i ∈ I A (E), i = 1, . . . , n. Then, by Lemma 4.1 of Parthasarathy and Prakash [13] and the remark made at the beginning of the proof, Nu i ∈ ψ 0 (E * ). So, by the assumption on E * , we have Nu 1 . . . Nu n .S = 0 if S ∈ X and supp op S ⊆ E * . Since 1 ⊗ 1 ∈ T (G), this implies S, N(u 1 . . . u n ) = 0. This, in turn, gives that N(u 1 . . . u n ) ∈ Ψ X (E * ). Now [13, Lemma 4.3] shows that u 1 . . . u n ∈ J X A (E) and E is of weak X-synthesis with ξ X (E) ξ * X (E * ). Conversely, suppose E is weak X-spectral with ξ X (E) = n. Let w i ∈ ψ 0 (E * ), i = 1, . . . , n. Here is an interesting consequence (see also [19, Theorem 4.8 
]).
Corollary 6.12. Let H be a closed subgroup of G. Then the set {(x, y) ∈ G × G: H x = Hy} is a set of operator synthesis.
Proof.
A well-known result due to Takesaki and Tatsuuma [21, Theorem 3] says that H is a set of spectral synthesis. In view of the theorem, it is now enough to observe that H * = {(x, y) ∈ G × G: H x = Hy}. 2
